The Atomic to Molecular Transition in Galaxies. I: An Analytic
  Approximation for Photodissociation Fronts in Finite Clouds by Krumholz, Mark R. et al.
ar
X
iv
:0
80
5.
29
47
v2
  [
as
tro
-p
h]
  8
 A
ug
 20
08
Accepted to the Astrophysical Journal, August 8, 2008
Preprint typeset using LATEX style emulateapj v. 08/22/09
THE ATOMIC TO MOLECULAR TRANSITION IN GALAXIES.
I: AN ANALYTIC APPROXIMATION FOR PHOTODISSOCIATION FRONTS IN FINITE CLOUDS
Mark R. Krumholz∗
Department of Astrophysical Sciences, Princeton University, Peyton Hall, Princeton, NJ 08544 and Department of Astronomy &
Astrophysics, University of California, Santa Cruz, Integrative Sciences Building, Santa Cruz, CA 95060
Christopher F. McKee
Departments of Physics and Astronomy, University of California, Berkeley, Campbell Hall, Berkeley, CA 94720-7304
Jason Tumlinson
Yale Center for Astronomy and Astrophysics, Yale University, PO Box 208121, New Haven, CT 06520 and Space Telescope Science
Institute, 3700 San Martin Dr., Baltimore, MD 21218
Accepted to the Astrophysical Journal, August 8, 2008
ABSTRACT
In this series of papers we study the structure of the atomic to molecular transition in the giant
atomic-molecular complexes that are the repositories of most molecular gas in galaxies, with the ulti-
mate goal of attaining a better understanding of what determines galaxies’ molecular content. Here
we derive an approximate analytic solution for the structure of a photodissociation region (PDR) in
a cloud of finite size that is bathed in an external dissociating radiation field. Our solution extends
previous work, which with few exceptions has been restricted to a one-dimensional treatment of the
radiation field. We show that our analytic results compare favorably to exact numerical calculations
in the one-dimensional limit. However, our more general geometry provides a more realistic represen-
tation than a semi-infinite slab for atomic-molecular complexes exposed to the interstellar radiation
field, particularly in environments such as low-metallicity dwarf galaxies where the curvature and
finite size of the atomic envelope cannot be neglected. For clouds that are at least 20% molecular we
obtain analytic expressions for the molecular fraction in terms of properties of the gas and radiation
field that are accurate to tens of percent, while for clouds of lower molecular content we obtain upper
limits. As a side benefit, our analysis helps clarify when self-shielding is the dominant process in H2
formation, and under what circumstances shielding by dust makes a significant contribution.
Subject headings: ISM: clouds — ISM: molecules — molecular processes — radiative transfer
1. INTRODUCTION
In galaxies such as the Milky Way, where atomic
and molecular phases of the interstellar medium coex-
ist, molecular clouds represent the inner parts of atomic-
molecular complexes (Elmegreen & Elmegreen 1987).
The bulk of the volume of the interstellar medium is filled
with far-ultraviolet (FUV) photons capable of dissociat-
ing hydrogen molecules, and this radiation field keeps the
majority of the gas atomic. Gas that is predominantly
molecular is found only in dense regions where a com-
bination of shielding by dust grains and self-shielding
by hydrogen molecules excludes the interstellar FUV
field. These molecular regions are bounded by a pho-
todissociation region (PDR) in which the gas is predom-
inantly atomic (Hollenbach & Tielens 1999, and refer-
ences therein).
To date most work on the structure of PDRs has
been limited to one-dimensional geometries, includ-
ing unidirectional or bidirectional beams of radia-
tion impinging on semi-infinite slabs or purely ra-
dial radiation fields striking the surfaces of spheres
(e.g. Federman et al. 1979; van Dishoeck & Black 1986;
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Black & van Dishoeck 1987; Sternberg 1988; Elmegreen
1993; Draine & Bertoldi 1996; Hollenbach & Tielens
1999; Browning et al. 2003; Allen et al. 2004). For these
one-dimensional problems the literature contains both
detailed numerical solutions and analytic approximations
for the problem of radiative transfer and H2 formation-
dissociation equilibrium. These approaches yield good
results when the PDR is thin compared to the cloud
as a whole, or for PDRs that are in close proximity to
hot stars whose radiation and winds have compressed
the PDR into a slab-like geometry. Many nearby well-
studied PDRs, such as the Orion bar, fall into this latter
category. However, the one-dimensional approximation
is much less appropriate for giant clouds being dissoci-
ated by the combined starlight of many distinct stars
and star clusters, particularly when the atomic region
constitutes a significant fraction of the total cloud vol-
ume. The problem is especially severe in galaxies with
lowmetallicities and interstellar pressures, where the pre-
dominantly molecular parts of cloud complexes generally
constitute a small part of the total mass and volume (e.g.
Blitz & Rosolowsky 2006). In this case one cannot ne-
glect either the curvature of the PDR or the finite size of
the molecular region, and a higher-dimensional approach
is preferable. Previous work in one dimension is there-
fore of limited use for the problem on which we focus:
2determining the atomic and molecular content of galax-
ies on large scales, under the combined effects of all the
sources of dissociating radiation in that galaxy.
Considerably less work has focused on higher-
dimensional geometries, since these require a treatment
of the angular dependence of the radiation field and its
variation with position inside a cloud. As a result all
treatments of two- or three-dimensional radiation fields
to date are purely numerical. Neufeld & Spaans (1996)
consider spherical clouds and Spaans & Neufeld (1997)
allow arbitrary geometries, but their method applies only
in translucent clouds, and involves an approximate nu-
merical integration of the transfer equation. Similarly,
Liszt & Lucas (2000) and Liszt (2002) present models
for PDRs in spherical clouds involving angular integra-
tion over the radiation field in radial bins, coupled with
a relaxation method to determine the H2 abundance at
each radius. Neither of these approaches yield a simple
analytic estimate of the size of the PDR or the molecular
region, nor do they provide any insight into the dimen-
sionless numbers that can be used to characterize the
problem of PDR structure. Such estimates, and the ac-
companying physical insights, would allow modeling of
clouds over a wide range of galactic environments with-
out the need for a complex and numerically costly radia-
tive transfer calculation to cover each case.
Our goal in this work is to revisit the problem of de-
termining the size of a PDR in a finite cloud embedded
in a multi-dimensional radiation field, and to derive an-
alytic approximations for the structure of a PDR that
will yield gross yet observable quantities such as the to-
tal atomic hydrogen column around a molecular region
and the fraction of a cloud’s volume in the atomic and
molecular phases. As part of this work we determine the
important dimensionless numbers that characterize the
problem, and we provide a rough classification of PDRs
based on them. The model we develop is capable of span-
ning the range from galaxies where the gas in atomic-
molecular complexes is predominantly molecular and a
slab treatment is appropriate to dwarf galaxies where
only a tiny fraction of the ISM resides in the molecular
phase. In future work (Krumholz, McKee, & Tumlinson,
in preparation), we provide a more detailed application
of the results derived here to the problem of determining
the atomic to molecular ratios in galaxies. Before moving
on, we do note that our focus on an analytic solution with
a multi-dimensional radiation field, characterized by a
few dimensionless numbers, has a price: our approach to
the chemical and thermal physics of PDRs is significantly
simpler than much previous work. We do not account for
factors such as the temperature-dependence of rate coef-
ficients or H2 dissociation by cosmic rays. Our work is
therefore less suited to making detailed predictions of the
structures of individual PDRs than it is to making pre-
dictions for galactic-scale trends in atomic and molecular
content.
We approach the problem of finite clouds by idealizing
to the case of a spherical cloud embedded in an isotropic
radiation field, since this allows us to explore the effects
of finite cloud size and curvature while at the same time
keeping the problem simple enough to admit an approxi-
mate analytic solution. Our approach is as follows: in § 2
we state the formal problem and introduce some physi-
cal approximations that are independent of geometry. In
§ 3 we derive an approximate analytic solution to the
one-dimensional semi-infinite slab case, which allows us
to demonstrate the underlying physical principles of our
approach. In this section we also compare to a grid of nu-
merical solutions and show that our approach produces
good agreement. Then in § 4 we extend our approach
to handle the case of a spherical cloud embedded in an
isotropic radiation field. Finally we summarize and draw
conclusions in § 5.
2. THE FORMAL PROBLEM
Consider a region of hydrogen gas where the number
density of hydrogen nuclei is n, mixed with dust which
has a cross section σd,ν per H nucleus to radiation of fre-
quency ν. The hydrogen is a mix of atoms and molecules,
with a fraction fHI of the nuclei in the form of Hi and a
fraction fH2 = 1 − fHI in the form of H2. We consider
frequencies ν that fall within the Lyman-Werner (LW)
band from ν1 = c/1120 A˚ to ν2 = c/912 A˚, such that
photons of that frequency can be resonantly absorbed by
hydrogen molecules.
The equation of radiative transfer for a beam of radi-
ation in direction eˆ passing through this gas is
eˆ · ∇Iν = −n
(
1
2
fH2σH2,ν + σd,ν
)
Iν , (1)
where Iν is the radiation intensity at frequency ν and
σH2,ν is the cross section for absorption of radiation at
frequency ν by a molecule of hydrogen. The value of
σH2,ν may change with position as the fraction of H2
molecules in different quantum states changes. The total
fraction of the gas in the molecular phase is determined
by the balance between the rate of H2 formation and
dissociation,
fHIn
2R = fH2
2
n
∫
dΩ
∫ ν2
ν1
dν
Iν
hν
σH2,νfdiss,ν . (2)
where R is the rate coefficient for formation of H2
molecules on dust grain surfaces and fdiss,ν is the frac-
tion of absorptions at frequency ν that yield dissociation
of the H2 molecule rather than decay back to a bound
state.
Note that we do not include a source term in the trans-
fer equation (1), because although most FUV photons
absorbed by H2 molecules do decay through a vibrational
ladder via photon emission, the photons released in this
process do not fall into the LW band. Thus, the trans-
fer equation we have written is only valid for frequencies
in the LW band. We have also neglected scattering of
FUV photons by dust grains. Since scattering is highly
forward-peaked at FUV wavelengths (e.g. Roberge et al.
1981), this approximation is reasonable as long as we
take σd,ν to be the absorption cross section, not the total
cross section. We have also omitted other H2 dissociation
mechanisms other than LW photons, such as cosmic ray
collisions and chemical reactions. These are significant
only in nearly fully molecular regions where there are no
significant numbers of LW photons present.
Equations (1) and (2), together with the atomic and
dust physics that specify σH2,ν and σd,ν and a boundary
condition that specifies Iν on all rays entering the surface
of a cloud, fully determine Iν and fH2 at all positions.
3We cannot solve them exactly, but we can obtain an ap-
proximation that exposes the basic physical outlines of
the solution. We begin by making two standard approxi-
mations, following Draine & Bertoldi (1996), to simplify
the atomic physics.
First, it is convenient to simplify the transfer equation
(1) by dividing by hν to transform from intensity to pho-
ton number, and then by integrating over frequency in
the LW band. In so doing we can exploit the fact that
for realistic dust σd,ν is nearly independent of frequency
in the LW band (Draine & Bertoldi 1996) to replace σd,ν
with a constant value σd. Doing so gives
eˆ · ∇I∗ = −nσdI∗ − 1
2
nfH2
∫ ν2
ν1
dν σH2,νI
∗
ν , (3)
where I∗ν = Iν/(hν) is the photon number intensity, i.e.
the number of photons per unit time per unit area per
unit solid angle per unit frequency that cross a given sur-
face, and I∗ =
∫ ν2
ν1
dν I∗ν is the photon number intensity
integrated over the LW band.
Second, we note that fdiss,ν varies only weakly when in-
tegrated over frequency and over position within a PDR.
Draine & Bertoldi (1996) show that over the width of
a PDR it stays roughly within the range 0.1 − 0.2. Its
value in free space depends on the assumed radiation
spectrum; Draine & Bertoldi (1996) find fdiss = 0.12 in
free space for their fiducial choice, while Browning et al.
(2003) suggest fdiss = 0.11 as a typical value. For sim-
plicity we adopt a constant value fdiss,ν = fdiss = 0.1
and take this constant out of the integral, reducing the
dissociation equation to
fHIn
2R = fH2fdiss
2
n
∫
dΩ
∫ ν2
ν1
dν I∗νσH2,ν . (4)
It is convenient at this point to produce a combined
transfer-dissocation equation from (3) and (4). If we in-
tegrate equation (3) over solid angle dΩ, we obtain
∇ ·F∗ = −nσdcE∗ − 1
2
fH2n
∫
dΩ
∫ ν2
ν1
dν σH2,νI
∗
ν , (5)
where
E∗≡ 1
c
∫
dΩ I∗ (6)
F
∗≡
∫
dΩ eˆI∗ (7)
are the photon number density and photon number flux
integrated over the LW band, respectively. We can then
use equation (4) to substitute for the last term, yielding
the combined transfer-dissociation equation
∇ · F∗ = −nσdcE∗ − fHIn
2R
fdiss
. (8)
3. SOLUTION IN ONE DIMENSION
3.1. Analytic Solution
We start by giving an approximate analytic solution
to this formal problem for unidirectional radiation im-
pinging on a one-dimensional semi-infinite slab in order
to illustrate the physical principles behind our approach.
Consider a region of gas of density n filling the half-space
z > 0, subjected to a dissociating radiation field of pho-
ton number intensity I∗ = 4piJ∗0 δ(|eˆ − zˆ|) that fills the
half-space z < 0, where J∗0 is the angle-averaged inten-
sity in free space. The corresponding free-space photon
number density is E∗0 = 4piJ
∗
0 /c, and the magnitude of
the free-space photon flux is F ∗0 = cE
∗
0 . For simplicity
we neglect the (relatively weak) temperature-dependence
of R.
Since the radiation intensity everywhere at all z re-
mains proportional to δ(|eˆ − zˆ|), it immediately follows
that
F
∗ = F ∗zˆ = cE∗zˆ, (9)
at all points, and the combined transfer-dissociation
equation reduces to
dF ∗
dz
= −nσdF ∗ − fHIn
2R
fdiss
, (10)
subject to the boundary condition that F ∗ = F ∗0 at
z = 0. Since numerical calculations show that the tran-
sition from predominantly atomic gas to predominantly
molecular gas in a PDR generally occurs in thin band
bounded by much larger regions where the gas is either
predominantly atomic or predominantly molecular, we
can obtain a good approximation to the exact solution
by treating fHI as having a constant value near unity over
the bulk of the PDR, and then dropping to zero as a step
function once the fully molecular surface is reached. For
constant fHI = 1, we can non-dimensionalize equation
(10) to
dF
dτ
= −F − 1
χ
, (11)
where F = F ∗/(F ∗0 ) is the fraction of the free-space flux
remaining, τ = nσdz is the dust optical depth from the
slab surface, and
χ =
fdissσdcE
∗
0
nR . (12)
Equation (11) has the exact solution
F(τ) = 1
χ
[
e−(τ−τHI) − 1
]
, (13)
where
τHI = ln (1 + χ) (14)
is the depth at which the flux goes to zero, which we take
to be the optical depth through the Hi region. Of course
in reality the flux should never go to zero exactly. That
is does in our solution is an artifact of our choice to treat
fHI as constant. Nonetheless, since the transition from
fHI ≈ 1 to fHI ≈ 0 is sharp, zH2 = τHI/(nσd) should
be a good approximation of the depth at which the gas
becomes predominantly molecular.
The dimensionless parameter χ/fHI is the ratio of the
two terms on the right hand side of equation (10) with F ∗
set equal to its value 4piI∗0 at the slab edge. This makes
its physical meaning clear: χ/fHI represents the ratio
of the absorption rate of LW photons by dust grains to
the absorption rate by H2 molecules for a parcel of gas
exposed to the unattenuated free space radiation field.
If the gas at the edge of free space is predominantly
atomic, as is the case for example at the edge of an
atomic-molecular complex, then fHI ≈ 1 and this ratio is
4simply given by χ. For χ > 1 absorptions by dust grains
dominate, while for χ < 1 absorptions by H2 molecules
dominate.
For a giant molecular cloud in the Milky Way and its
outer atomic envelope, typical values of the number den-
sity, dust cross section, and H2 formation rate coefficient
are n ∼ 30 cm−3, σd ∼ 10−21 cm2 andR ∼ 3×10−17 cm3
s−1 (Draine & Bertoldi 1996). Using the Draine (1978)
functional form for the local FUV radiation energy den-
sity as a function of wavelength,
λEλ=6.84× 10−14λ−53
(
31.016λ23 − 49.913λ3 + 19.897
)
erg cm−3 (15)
the free-space photon number density from 912 − 1120
A˚ is E∗0 = 7.5 × 10−4 cm−3. For an H2 molecule in the
ground state, this corresponds to a free-space dissocia-
tion rate of 3.24 × 10−11 s−1. (In principle for a slab
computation we should divide the observed value of E∗0
by two to account for the fact that one can only see half
the sky at the surface of an opaque cloud, but we do
not do so here because in § 4 we will account for this
effect self-consistently.) Thus, for Milky Way conditions
not near a local strong source of FUV, χ of order a few
might be typical. Thus, in the Milky Way dust shielding
is marginally significant in determining the structure of
atomic-molecular complexes.
3.2. The Two-Zone Approximation
We can integrate the transfer-dissociation equation (8)
directly in one dimension because, due to the constant
angular distribution of the radiation, there is a trivial re-
lationship between E∗ and F ∗. In multiple dimensions,
however, there is no simple relationship between the two,
because the angular distribution of the radiation inten-
sity is not constant with position inside a cloud. To over-
come this problem, we adopt what we call the two-zone
approximation. When the photon number density E∗ is
large, the first term on the right hand side of equation
(8), representing absorptions of photons by dust grains, is
much larger than the second term, representing absorp-
tions by H2 molecules. This makes intuitive sense: in
regions where there many dissociating photons present,
the molecular fraction will be very low, so there will be
few H2 molecules available to absorb LW photons and
most photons will be absorbed by dust. In regions where
E∗ is small, the number of molecules will increase, and
for any appreciable number of molecules these will dom-
inate the absorption rate.
In the two-zone approximation, we divide the cloud
into a zone where dust absorption dominates and a zone
where molecular absorption dominates. In the dust-
dominated region we drop the molecular absorption term
in the radiative transfer or transfer-dissociation equa-
tions (equations 3 or 8), and approximate the opacity as
having a constant value nσd. In the zone where molecular
absorptions dominate, we drop the dust absorption term
in equation (8) and approximate the molecular absorp-
tion term by φn2R/fdiss, where φ > 1 is a constant of
order unity, whose precise value we determine below, that
we include to account for the fact that some LW photons
will be absorbed by dust grains even in the molecular-
dominated region. We define a boundary between these
two zones by the condition that the dust and molecular
absorption terms be equal, which is satisfied when
E∗
E∗0
=
φ
χ
≡ 1
ψ
, (16)
where we have set fHI = 1 because at the point of
equality the molecular fraction is ≪ 1, and for conve-
nience we have defined the modified dust to molecu-
lar absorption ratio ψ = χ/φ. With this approxima-
tion, the one-dimensional non-dimensionalized transfer-
dissocation equation becomes
dF
dτ
= −
{ F , F > 1/ψ
1/ψ, F < 1/ψ . (17)
We shall see in § 4 how the two-zone approximation en-
ables us to solve the problem in the spherical case. First,
though, we examine the solution in the one-dimensional
case. If ψ < 1, then F < 1/ψ is satisfied everywhere and
equation (17) has the trivial solution
F = ψ − τ
ψ
. (18)
The flux goes to zero at a depth τHI = ψ. If ψ > 1, the
solution is
F =
{
e−τ , τ < τd
ψ−1(τHI − τ)/(τHI − τd), τ > τd , (19)
with
τd=lnψ (20)
τHI=1 + lnψ. (21)
Here τd represents the dust depth into the slab at which
the absorption begins to be dominated by H2 molecules,
while τHI is the optical depth where we expect a transi-
tion from mostly atomic to mostly molecular gas. Com-
bining the two cases, we have
τHI =
{
ψ, ψ < 1
1 + lnψ, ψ > 1 . (22)
We now turn to the question of determining the con-
stant φ. Physically, we expect to have φ→ 1 for χ≪ 1,
because in that case dust absorptions contribute negligi-
bly throughout the cloud. For χ ≫ 1 we expect to have
φ to asymptote to a value greater than unity, account-
ing for the contribution of dust to absorptions even in
the molecular-dominated region. A comparison of the
limiting behavior of the analytic solution (14) with the
two-zone approximation (22) confirms this physical ar-
gument, and suggests that the appropriate limiting be-
havior is φ → 1 as χ → 0 and φ → e as χ → ∞. We
therefore adopt
φ =
2.5 + χe
2.5 + χ
, (23)
which has the correct limiting behavior, and where the
value 2.5 is chosen to optimize agreement between the
two-zone approximation and the analytic solution in the
intermediate χ region.
3.3. Comparison to Numerical Calculations
Before using the two-zone approximation to compute
the case of a finite cloud with an isotropic radiation field,
5we check its accuracy for the one-dimensional case by
comparing with detailed numerical calculations using the
Browning et al. (2003) H2 formation and radiative trans-
fer code. We refer readers to that paper for a full de-
scription of the physics included in this calculation, but a
brief summary is that the code numerically integrates the
frequency-dependent equation of radiative transfer for a
unidirectional beam of radiation incident on an isother-
mal, constant-density slab of gas mixed with dust. The
transfer equation is coupled to a statistical equilibrium
calculation that determines the populations of Hi atoms
and a large number of rotational and vibrational levels
of the H2 molecule that are excited by LW band photons
in each computational cell. The output of this calcula-
tion is the fraction of H nuclei in molecules as a function
of depth within the cloud. The code we use here dif-
fers from that described in Browning et al. (2003) only
in that the earlier version accounted for absorptions of
LW photons by dust grains by modifying the photodisso-
ciation rate using the method of van Dishoeck & Black
(1986), whereas the version we use here computes radia-
tion attenuation by dust grains directly from the radia-
tive transfer equation.
For the models we present here we use a density and
temperature of n = 5000 cm−3 and T = 90 K. These
values are chosen purely for computational convenience,
and have no significant impact on the results. The in-
cident radiation field is a unidirectional beam of pho-
tons uniformly distributed in frequency over the wave-
length range 912 − 1120 A˚. The frequency-dependent
photon flux in this beam is F ∗ν , so E
∗
0 = F
∗
ν (ν2 − ν1)/c
and J∗0 = F
∗
ν (ν2 − ν1)/(4pi). We adopt a dust extinc-
tion curve following the functional form of Cardelli et al.
(1989), scaled to give a dust cross section per H nucleus
at 1000 A˚ of σ = σd,MWZ
′, where Z ′ is the metallicity
relative to solar and we take σd,MW = 6.0×10−22 cm2 or
2.0× 10−21 cm2 to be two fiducial dust opacities for the
Milky Way. These two values of σd,MW correspond to the
estimated attenuation cross sections at 1000 A˚ estimated
by Draine & Bertoldi (1996) for dense and diffuse clouds
Milky Way, respectively. We adopt a rate coefficient for
H2 formation on grain surfaces of R = RMWZ ′ with
RMW = 3×10−17Z ′ cm−3 s−1 as our fiducial Milky Way
value (Wolfire et al. 2008). We do our computations for a
grid of models running from F ∗ν = 10
−7 − 10−3 photons
cm−2 s−1 Hz−1 in steps of nine steps of 0.5 dex, from
Z ′ = 10−2− 100.5 in six steps of 0.5 dex, and for the two
values of σd,MW mentioned above. These values F
∗
ν are
significantly higher than are typical in the Milky Way,
but are chosen so that, in conjunction with our choice of
n, the ratio E∗ν/n that appears in χ is within the typical
Milky Way range. With this parameterization
χ=0.75(σd,MW,−21/RMW)(E∗
′
0 /n2) (24)
=4.07σd,MW,−21F
∗
ν,−5 (25)
where σd,MW,−21 = σd,MW/10−21 cm2 is the Milky Way
1000 A˚ dust absorption opacity normalized to 10−21 cm2,
E∗
′
0 = E
∗
0/7.5 × 10−4 cm−3 is the free-space dissociat-
ing photon number density normalized to the Milky Way
value, n2 = n/100 cm
−3 is the number density of hydro-
gen nuclei in units of 100 cm−3, and F ∗ν,−5 = F
∗
ν /10
−5
Fig. 1.— The plots show fH2 versus dust optical depth τ = nσdz
for our numerical radiative transfer calculations with logZ′ = −1.5
(dashed lines), logZ′ = −0.5 (solid lines), and logZ′ = 0.5 (dot-
dashed lines). The gray vertical lines indicate the optical depth of
the transition to fully molecular as calculated with the two-zone
approximation, equation (22). Each cluster of three curves plus a
vertical line indicating a prediction corresponds to a radiation flux
logF ∗ν = −7, −5, or −3, as indicated. The two panels are for the
cases σd,MW,−21 = 0.6 and 2.0, as indicated.
photons cm−2 s−1 Hz−1. Thus the calculation covers a
broad range of parameters from strongly dust-dominated
to strongly molecular-dominated, thereby bracketing the
real Milky Way value of χ ∼ 1. Note that χ is inde-
pendent of Z ′ because for the parameterization we have
chosen the Z ′-dependences of σd and R cancel. Since we
predict that the dust optical depth through the PDR,
τHI = nσdzH2 , depends only on χ, and χ in turn depends
only on the ratio σd/R, τHI should be independent of
Z. Since we use a range of 102.5 in Z ′, our numerical
calculations represent a strong test of this prediction.
Figure 1 shows fH2 versus depth within a cloud as com-
puted numerically for a sample of our input parameters,
overlaid with the corresponding locations of the atomic
to molecular transition as calculated via the two-zone
approximation. As the figure shows, the two-zone ap-
proximation does a very good job reproducing the loca-
tion of this transition over an extremely broad range of
parameters.
To quantify the quality of the approximation, we must
define a fiducial measure for the depth of the H2 region
in the numerical calculations, since in these runs fHI ap-
proaches but never reaches unity. The most reasonable
measure is
NHI =
∫ ∞
0
dz fHIn, (26)
the total Hi column integrated through the cloud. Since
the radiation field is attenuated exponentially or faster,
and fHI is proportional to radiation intensity in the re-
gion where fH2 ≈ 1, this integral is guaranteed to con-
verge. In the limit where the transition from HI to H2
is sharp it approaches the total gas column up to the
6Fig. 2.— The upper panel shows the dust opacity NHIσd through
the numerically-determined Hi column (various symbols) as a func-
tion of χ. The values of Z′ and σd,MW,−21 for each calculation are
indicated by the plot symbol. This is compared to the optical depth
τHI computed from the two-zone approximation (equation 22, thin
solid line) and computed using the analytic solution (equation 14,
thick dashed line). The lower panel shows the error in the two-zone
approximation, defined as Error = NHIσd/τHI − 1; the dotted line
indicates zero error.
transition point. In practice we cannot continue the nu-
merical integration to z =∞, so we truncate the integral
at the value of z where fHI = 5× 10−3; using fHI = 10−2
instead changes the value by less than 8% for all our
runs, and by less than 2% for all runs with χ > 0.1, so
our evaluation of the integral should be accurate to this
level.
We plot the dust opacity through this hydrogen col-
umn, NHIσd, and the corresponding value τHI predicted
by the two-zone approximation, in Figure 2. As the
figure shows, the two-zone approximation recovers the
numerically-computed Hi column to better than 50% ac-
curacy over almost a five-decade range in χ. The error in
the two-zone approximation is generally comparable to
or smaller than the spread between models with different
dust opacities but the same value of χ.
The error in our approximation is largest at small χ,
and examination of Figure 1 suggests the reason why: by
evaluating the equations with fHI = 1 inside the PDR, we
have assumed that the transition from atomic to molecu-
lar is sharp. This is true for χ ∼ 1 or greater, but begins
to fail for χ≪ 1. In our runs with χ ≥ 1, typically 95%
of the gas is atomic in the region where fHI > 0.5; and
even at the depth where fHI drops to 5×10−3 more than
half the gas column above that point is atomic. This in-
dicates a very sharp atomic-molecular transition, so our
approximation that fHI = 1 until the gas is almost en-
tirely molecular is a good one. For χ ≈ 0.01, on the other
hand, roughly 80% of the gas at fHI < 0.5 is atomic, and
Hi contributes only 10% of the total gas column above
fHI = 5×10−3. The transition from atomic to molecular
Molecule!
Dust!dominated
Fully molecular
dominated
rH2
θ
R
rd
rˆ
eˆ
ξR
τd
τHI
Fig. 3.— Illustration of the two-zone approximation in spherical
geometry.
is therefore much more gradual, and our accuracy suffers
as a result.
Nonetheless, we note that χ ≪ 1 does not appear to
be physically realized in normal galactic environments.
For Milky Way molecular clouds χ ∼ 1 or greater, and
reducing χ to 0.01 would require some combination of
reducing the ISRF and increasing the atomic gas den-
sity by a factor of 100. Such a combination of very high
atomic ISM density and very low radiation field is gener-
ally not observed. We conclude that, for realistic physical
parameters, and given that these parameters (such as σ0
and R) are themselves uncertain at the factor of a few
level (e.g. Wolfire et al. 2008), the error in the two-zone
approximation is unlikely to be the dominant one.
4. SOLUTION FOR SPHERICAL CLOUDS
We now extend the two-zone approximation to a spher-
ical cloud of radius R embedded in a uniform, isotropic
radiation field of angle-averaged intensity J∗0 . (Note that
this radiation field has the same LW photon number den-
sity as the unidirectional radiation field considered in § 3,
so it gives the same dissociation rate in free space.) Fig-
ure 3 illustrates the basic geometry of the problem and
our approximation: we consider the dust-dominated re-
gion to run from radius r = rd to r = R, and the molec-
ular self-shielding region to run from r = rH2 to r = rd.
For convenience we introduce the dimensionless position
variables x = r/R and y = 1− x, and we define the dust
optical depths from the surface to rd and to rH2 as τd
and τHI, respectively.
In § 4.1 and § 4.2, we develop the basic equations that
describe the two-zone approximation for clouds with and
without dust opacity-dominated envelopes. We then ex-
plore three limiting cases of these equations. We consider
the behavior at the boundary between the presence and
absence of a dust-dominated zone in § 4.3, and we ex-
plore several interesting limits in § 4.4. We then give a
numerical solution and an analytic approximation to it
in § 4.5. In § 4.6 we compare our solution for a finite
cloud to the standard slab approximation, to determine
when the slab approximation is valid and when it fails.
In § 4.7, we address the level of uncertainty introduced
by the approximations we make in the spherical case.
Finally, in § 4.8 we present some example calculations
using our analytic approximation.
4.1. Clouds with Dust-Dominated Zones
7First consider the case where ψ is large enough so
that there is a dust-dominated zone in the outer part
of the cloud where molecular self-shielding is negligible,
i.e. rd < R. The transfer equation in this region becomes
eˆ · ∇I∗ = −nσdI∗, (27)
which for rays originating at the cloud surface and stay-
ing entirely within the dust-dominated region has the
trivial solution
I∗(x, µ) = exp(−τRξ)J∗0 , (28)
where τR = nσdR is the center-to-edge dust optical depth
of the cloud,
ξ =
(√
1− x2 + x2µ2 − xµ
)
, (29)
is the distance, normalized to the cloud radius, from ra-
dius r to the cloud surface on a ray that makes an an-
gle θ relative to the radial vector (see Figure 3), and
µ = cos θ = −eˆ · rˆ. This solution applies for µ > 0. On
the other hand, if µ < µH2 ,
µH2 ≡ −
√
1−
(
xH2
xd
)2
, (30)
then the ray passes through a part of the cloud that is
fully molecular. Since the fully molecular region will be
extremely opaque, to good approximation along these
rays I∗(x, µ) = 0. Finally, rays for which 0 > µ > µH2
pass through the region where the opacity is dominated
by molecules rather than dust, but where the gas is not
yet fully molecular. Again, we use the approximation
that the transition from a low molecular fraction to fully
molecular is sharp, so that over most of this region the
molecular fraction is not vastly larger than it is at the
region’s edge. This is consistent with numerical solu-
tions of the problem (e.g. Figure 1), which show that
the atomic fraction fHI is nearly constant through the
bulk of the PDR, and rises from its free space value to
unity over a small region. This means that the opacity
is not much greater than its value of nσd at the outer
edge of the molecule-dominated region. We therefore
approximate that the optical depth along these rays is
the same as for those in the dust-dominated region, τRξ.
This approximation is perhaps the least certain part of
our calculation, and we quantify the level of uncertainty
that it produces in § 4.7. Combining these three regions,
we have an approximate intensity
I∗(x, µ) =
{
exp(−τRξ)J∗0 , µ > µH2
0, µ < µH2
. (31)
The location of xd, the crossover point from dust- to
molecule-dominated absorption, is defined by the condi-
tion that E∗/E∗0 = 1/ψ (equation 16). For convenience
we define the function η0 by
E∗(xd)
E∗0
= η0(xd, xH2 ; τR) =
1
2
∫ 1
µH2
dµ exp (−τRξd) ,
(32)
where ξd = ξ(xd). We show that η0 can be evaluated in
terms of exponential integrals in Appendix A. The first
equation for the two-zone approximation is therefore
η0(xd, xH2 ; τR) =
1
ψ
. (33)
Inside xd, we drop the dust opacity term, so that the
combined transfer-dissociation equation (8) becomes
1
r2
d
dr
(r2F ∗) =
φn2R
fdiss
, (34)
where we have again assumed that fHI ≈ 1 outside the
fully molecular region, and for convenience we have in-
verted the sign by defining F∗ = −F ∗rˆ. The solution
is
F ∗ =
τR
3ψ
x
[
1−
(xH2
x
)3]
F ∗0 , (35)
where we have chosen the constant of integration by re-
quiring that F ∗ = 0 at x = xH2 . To determine xH2 from
the boundary conditions, however, we must determine
the flux at some other location. Thus we evaluate the
flux F ∗ at xd by integrating the intensity over solid an-
gle using equation (31). For convenience we define the
function η1 by
F ∗(xd)
F ∗0
= η1(xd, xH2 ; τR) =
1
2
∫ 1
µH2
dµµ exp (−τRξd) .
(36)
As with η0, in Appendix A we evaluate η1 in terms of
exponential integrals. Combining (36) with (35) gives an
implicit equation for xH2 :
η1(xd, xH2 ; τR) =
τRxd
3ψ
[
1−
(
xH2
xd
)3]
. (37)
Together, equations (33) and (37) constitute two equa-
tions in the two unknowns xd and xH2 , and thus fully
determine the location of the transition from predomi-
nantly atomic to predominantly molecular in the two-
zone approximation.
4.2. Clouds without Dust-Dominated Zones
Now consider the case where ψ is small enough so that
there is only one zone, because even gas at the edge
of the cloud is sufficiently molecular for absorptions by
molecules to outnumber those by dust grains. In this case
equation (35) applies throughout the cloud, so we must
fix xH2 directly from the boundary conditions. To do
so we need to know the flux F ∗(1) at the cloud surface.
This is not simply F ∗0 = cE
∗
0 as in the case of a uni-
directional radiation field; in free space for an isotropic
radiation field F ∗ vanishes, and F ∗(1) is non-zero only
because rays passing through the cloud do not carry the
same intensity as rays that do not pass through it, pre-
venting the integral over angle from vanishing. Thus for a
sufficiently transparent cloud, F ∗(1) approaches zero, its
value in free space. Conversely, at the surface of a cloud
that is opaque and extremely large, F ∗(1) = F ∗0 /4. The
factor of 1/4 relative to the unidirectional case arises
because because half the solid angle is blocked by an
opaque object (providing one factor of 1/2), and because
in the part of the sky that is not blocked the radiation is
isotropic, and one must average over all the directions in
which photons are traveling to find the fraction of that
8motion in the −rˆ direction (providing another factor of
1/2).
The problem of determining the intensity is exactly
the same as in § 4.1. At the surface of the cloud rays at
angles µ > 0 do not pass through the cloud and there-
fore contribute the unattenuated free space intensity I∗0 .
Those with µ < µH2 = −(1 − x2H2)1/2 pass through the
fully molecular region and therefore contribute zero in-
tensity. For rays at angles µH2 < µ < 0, we make the
same approximation as in § 4.1, that the molecular ab-
sorption rate per unit distance that a photon travels is
roughly constant until one approaches the sharp tran-
sition from atomic to molecular. Thus the molecular
opacity-dominated part of the PDR has a constant ef-
fective opacity, which we can determine by computing
its value at the cloud surface. For convenience we char-
acterize this opacity via an effective cross-section per H
nucleus σe. By examining the transfer-dissociation equa-
tion (8), it is clear that for fHI ≈ 1 this opacity is
σe =
φnR
fdisscE∗(1)
. (38)
With this approximation the transfer equation through
the region outside where the gas becomes fully molecu-
lar is simply equation (27) with σd replaced by σe, and
the solution for the intensity along each ray is given by
equation (31) with τR replaced by τeR = (σe/σd)τR. The
photon number density and flux at the cloud surface are
therefore given by
E∗(1)
E∗0
= η0(1, xH2 ; τeR) (39)
F ∗(1)
F ∗0
= η1(1, xH2 ; τeR). (40)
With these arguments, evaluating equations (A11) and
(A12) shows that η0 and η1 reduce to
η0(1, xH2 ; τeR)=
1− e2µH2τeR
4τeR
+
1
2
(41)
η1(1, xH2 ; τeR)=
(1− 2µH2τeR)e2µH2τeR − 1
8τ2eR
+
1
4
.(42)
Using these values of E∗(1) and F ∗(1) in equations (38)
and (35), we find
1− e2µH2τeR
4τeR
+
1
2
=
τR
ψτeR
(43)
(1 − 2µH2τeR)e2µH2τeR − 1
8τ2eR
+
1
4
=
τR
3ψ
(
1− x3H2
)
.(44)
We therefore again have two equations in two unknowns,
with the unknowns in this case being τeR and xH2 . Note
that in this case µH2 can be isolated in the first equation,
to give
µH2 =
1
2τeR
ln
(
1 + 2τeR − 4τR
ψ
)
. (45)
Together with the relation between µH2 and xH2 (equa-
tion 30), this reduces the problem to a single non-linear
equation, which is convenient for numerical solution.
Fig. 4.— The thin black curves show the boundaries in the
(τR, ψ)-plane at which xd = 1, τeR = τR, and at which xH2 = 0, as
indicated by the text accompanying each curve. The thick dashed
curve shows our approximation to the xd = 1 curve, equation (47).
The asterisks along the curve for xd = 1 mark the points at which
xH2 = 0.1, 0.3, 0.5, 0.7, and 0.9, as indicated.
However, the two-equation form is more convenient for
an analytic approach.
At this point it is worth making a few remarks about
the behavior of equations (43) and (44). First, equation
(43) implies that τR/(ψτeR) > 1/2, so the argument of
the logarithm in equation (45) is always less than unity
and µH2 is negative. Second, in all of these equations
τR and ψ appear only through the combination τR/ψ,
so values of xH2 and τeR must be constant on lines of
constant τR/ψ. Finally, note that in § 4.5 we give an
approximate analytic solution to equations (43) and (44).
4.3. The Dust-Dominated Zone Boundary
We first identify the boundary between the presence
and absence of a dust-dominated region. In the case of
a perfectly beamed radiation field impinging on a semi-
infinite planar slab, which we treated in § 3, this is ψ = 1.
The result is more complex in the case of an isotropic
radiation field and a cloud of finite size. The bound-
ary between the two cases is defined by the condition
that xd = 1 or τeR = τR, i.e. that the cross-over be-
tween dust-dominated and molecular-dominated absorp-
tions occur at the cloud surface, or equivalently that the
dust and molecular effective opacities at the cloud sur-
face are equal. It is immediately obvious that equations
(33) and (37) become identical to equations (43) and
(44) in this limit. If we set τeR = τR, then equations (45)
and (44) define a curve in the (τR, ψ)-plane that cor-
responds to the point where dust-dominated layer dis-
appears. Above the curve the radiation field is strong
enough so that the outer part of the cloud is dust opacity-
dominated, while below it molecular opacity dominates
throughout. Along the bounding curve,
xH2 =
√
1− 1
4τ2R
[
ln
(
1 + 2τR − 4τR
ψ
)]2
. (46)
We show the curve at which the dust-dominated layer
vanishes, and the value of xH2 along the curve, in Figure
4.
That along this curve ψ → 1 for τR ≪ 1 and ψ → 2 for
τR ≫ 1 makes intuitive sense. If τR ≪ 1, the dust optical
depth through the cloud is tiny and so the radiation field
9has its unattenuated, free-space value regardless of posi-
tion in the cloud. Thus the condition that dust shielding
and molecular shielding contribute equally at the cloud
surface (xd = 1) can only be fulfilled is they are equal
or nearly so in free space, which is simply a requirement
that ψ = 1. Similarly, if τR ≫ 1 then the cloud is effec-
tively a semi-infinite slab whose curvature is negligible.
In this case the radiation field at the cloud surface only
contains contributions from rays with µ > 0, i.e. those
that never pass through the cloud; rays with µ < 0 are
infinitely attenuated. Thus, the radiation field has ex-
actly half its free-space value, the molecular fraction has
double its free-space value, and the condition that dust
shielding and molecular shielding are equal reduces to
the requirement that ψ = 2.
These considerations suggest that a function that in-
terpolates between these two limiting behaviors is likely
to produce a good approximation. Numerical experimen-
tation shows that the curve
ψ ≈ 1.4 + 2τR
1.4 + τR
(47)
reproduces the true value of ψ along the curve xd =
1, τeR = τR to better than 3% for all τR. We show
this approximate solution with the thick dashed curve in
Figure 4.
4.4. Limiting Cases
We can better understand the behavior of PDRs in
finite clouds by exploring several limiting cases of our
equations, corresponding to clouds that are very large or
very small, and to radiation fields that are very strong
or very weak.
Case 1: Strong Radiation Fields. The first limit we
consider is one in which the radiation field is so strong
that there is no fully molecular core, so xH2 = 0. It is
easy to verify that if there is no dust-dominated region,
so equations (43) and (44) apply, then there are no fi-
nite values of ψ and τR such that xH2 = 0. (However,
see § 4.7, where we show that this behavior is probably
not physical.) On the other hand, if there is a dust-
dominated region, equations (33) and (37) apply and
xH2 = 0 can be reached at finite ψ and τR. This be-
comes clear if we note that xH2 = 0 implies µH2 = −1
(following equation 30), and equation (37) then admits
the solution xd = η1(xd, 0; τR) = 0. Since xd = 0, it
immediately follows that ξd = 1 and η0(0, 0; τR) = e
−τR .
Equation (33) then gives ψ = eτR . The physical meaning
of this solution is that ψ = eτR is the critical curve along
which xH2 = xd = 0; at this value of ψ or larger the
radiation field is too intense for a fully molecular core
to exist. We plot the critical curve in Figure 4. In Ap-
pendix B we solve equations (33) and (37) perturbatively
in the vicinity of the critical curve, and show that near
the strong radiation boundary the solution is
xd=
[
6
τR(τR + 2)
(
eτR
ψ
− 1
)]1/2
(48)
xH2 =
[
1536
25τR(τR + 2)3
]1/4 (
eτR
ψ
− 1
)5/4
. (49)
This solution obviously only applies for eτR ≥ ψ.
Case 2: Small Clouds. Before analyzing this case, we
warn that in § 4.7 we show that our solution in this case
should be regarded as giving an upper limit on the molec-
ular fraction rather than a direct estimate. However it
is still useful to consider this case, both in order to de-
rive upper limits and to provide expressions that can be
incorporated into approximations in parts of parameter
space where our method does provide estimates rather
than upper limits. We have shown that for ψ > 1, there
is a finite value of τR at which the fully molecular core
vanishes, and conversely that if ψ < 1 there is no finite
τR for which xH2 = 0. However, one can easily verify
that when there is no dust-dominated zone (ψ < 1) and
equations (43) and (44) apply, xH2 → 0 as τR → 0. Phys-
ically, this corresponds to the case of a cloud that is so
small that its dust is optically thin to LW photons. In
Appendix C we show that in this limit the solution may
be approximated by
τeR=
τR
ψ
+
τ2R
2ψ2
+
τ3R
4ψ3
+
7τ4R
60ψ4
(50)
xH2 =
τR√
3ψ
+
2
√
3τ2R
5ψ2
. (51)
Note that by definition τeR/τR = [E
∗
0/E
∗(1)]/ψ, so
equation (50) is effectively a series expansion for the
photon number density at the cloud surface: E∗(1) =
E∗0 [1−τ2R/(2ψ)+· · ·]. Thus the leading-order approxima-
tion reduces to the statement that a small cloud blocks no
radiation in any direction, so E∗(1) = E∗0 , the unatten-
uated value. The next-order correction accounts for the
small fraction of photons that are blocked at the cloud
surface.
Case 3: Large Clouds. Our final limiting case is that of
a cloud so large that the transition from atomic to molec-
ular gas occurs in a thin layer at the cloud surface, so
that the cloud’s curvature is negligible. Before proceed-
ing we note that this case is not the same as the case of a
one-dimensional slab subject to a unidirectional beam of
radiation that we analyzed in § 3. The difference is that
here the radiation field is isotropic, so it has an angular
dependence that can vary with depth within the cloud.
For this reason the large cloud limit with an isotropic
radiation field is a two-dimensional problem even if the
cloud is a semi-infinite slab. To analyze this case we per-
form a series expansion around the limit τR → ∞, but
with yH2τR finite, so that there is a finite optical depth
to the molecular region. If ψ > 2 then a dust-dominated
zone exists, and we solve this problem by starting from
equations (A11) and (A12) and series expanding η0 and
η1 to first order in τ
−1
R . Doing so gives
η0(xd, xH2 ; τR)=
E2(τd)
2
+
e−τd + τdE2(τd)
4τR
(52)
η1(xd, xH2 ; τR)=
E3(τd)
2
+
τdE3(τd)
2τR
, (53)
where τd = ydτR. Equation (33) therefore becomes
1
ψ
=
E2(τd)
2
+
e−τd + τdE2(τd)
4τR
(54)
to first order in τ−1R , which is straightforward to solve
numerically to determine τd for a given ψ and τR. Alter-
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Fig. 5.— The plot shows the solution in the large cloud limit.
The curves shown are the dust optical depth to the fully molecular
region τHI = τR(1 − xH2) (solid curve), the dust optical depth to
the point of dust-molecular absorption equality τd = τR(1 − xd)
(dashed curve to the right of ψ = 2), and the ratio of the effective
molecular opacity to the dust opacity τeR/τR (dashed curve to the
left of ψ = 2). The dotted vertical line at ψ = 2 indicates the
boundary between the presence and absence of a dust-dominated
zone in the weak radiation limit.
nately, one may obtain a purely analytic expression by
dropping the 1/τR correction term. In this case the equa-
tion becomes E2(τd) = 2/ψ, which has the approximate
solution
τd ≈ 0.83 ln(0.2ψ + 0.6); (55)
this expression is accurate to better than 2% for 2 ≤ ψ ≤
100. Since xd = 1− τd/τR, this fixes xd. Similarly, once
τd is known it is straghtforward to solve equation (37) to
first order in τ−1R to obtain
xH2 = 1−
[
τd +
ψ
2
E3(τd)
]
τ−1R . (56)
For ψ < 2, there is no dust-dominated zone, and
we must instead solve equations (43) and (44) in the
limit τR → ∞. We note that for a very large cloud
E∗(1) = E∗0/2 because the cloud blocks half the sky, and
it therefore follows immediately from the definition of σe
(equation 38) that
τeR =
2τR
ψ
, (57)
i.e. that the effective molecular opacity is a factor of two
larger than its free-space value because the radiation in-
tensity at the cloud surface has half its free-space value.
Similarly, the flux is F ∗(1) = F ∗0 /4 because half the sky
is blocked and the radiation direction is random over
the other half. Using this boundary condition to inte-
grate the one-dimensional transfer-dissocation equation
(10) with σd = 0 and the molecular absorption rate mul-
tiplied by φ then gives
xH2 = 1−
ψ
4τR
. (58)
We verify that these intuitive arguments in fact give the
correct leading order terms in the series expansion in
Appendix C. Thus we have the limiting solution to first
order in τ−1R for both ψ < 2 and ψ > 2. We illustrate
this solution for τR →∞ in Figure 5.
4.5. Numerical Solution and Analytic Approximation
We now proceed with a numerical treatment of the gen-
eral case. We solve equations (33) and (37), or (43) and
(44), on a grid of points in the (τR, ψ)-plane, and plot the
results in Figure 6. In addition to plotting xH2 and either
xd or τeR, we also show two derived quantities of inter-
est. The first is the dust optical depth to the molecular
transition along a radial trajectory, τHI = nR(1−xH2)σd.
We may think of this as the Hi “shielding column” times
the dust cross section. The second is x3H2 , which is the
fraction of the cloud’s volume that is within the predom-
inantly molecular region.
The general behavior of these curves can be understood
intuitively. If one fixes the cloud density n and dust opac-
ity σd, then as the cloud radius increases so does τR, and
for fixed external radiation field ψ the molecular transi-
tion moves outward, but the Hi column to that transition
approaches a constant value. Similarly, at fixed cloud
size and hence τR, increasing the external illumination ψ
raises the amount of atomic hydrogen that is required to
shield the molecules. Thus xH2 drops when ψ increases
at fixed τR.
These curves also enable us to determine under what
circumstances dust makes a significant contribution to
shielding the gas, a subject that has been discussed con-
siderably in the literature (e.g. van Dishoeck & Black
1986; Draine & Bertoldi 1996). To evaluate the impor-
tance of dust, we can consider how the molecular and
atomic volumes change as σd → 0. In terms of our pa-
rameters, this amounts to taking the limit as χ→ 0 and
τR → 0, but the ratio χ/τR remains constant. Graphi-
cally, this is equivalent to sliding toward the lower right of
Figure 6, along a trajectory that is close to a line of slope
unity – it is not precisely a line of slope unity because of
the slight non-linearity of the relationship between ψ and
χ. We plot the factor by which dust shielding changes
the radius of the molecular zone or the radial path length
through the atomic zone, whichever is larger, in Figure
7. As the figure shows, dust shielding changes the ra-
dius of the molecular zone by a factor of ∼ 2 only when
ψ is of order unity or larger or when τR is very large,
which is about what one might expect. Dust shielding
can affect the size of the molecular region even if there
is no dust-dominated zone because we have allowed for
dust absorptions even in the molecular shielding region.
However, the effect is at most tens of percent. A larger
change is possible only if the radiation field is intense
enough to create a dust-dominated zone (i.e. ψ >∼ 1) or
the cloud is so large (i.e. τR ≫ 1) that even weak dust
shielding becomes significant because it attenuates the
radiation exponentially rather than in a powerlaw fash-
ion as do the molecules.
We can deduce approximate analytic fitting formulae
for xH2 by interpolating between the solutions for the
limiting cases. The following fitting formulae are reason-
ably accurate and can be evaluated with no numerical
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Fig. 6.— Contours showing the solution as a function of τR and ψ for the structure of the PDR in the two-zone approximation. The
values shown are, clockwise from the upper left, xH2 , xd or τR/τeR, τHI, and x
3
H2
. The hatched region is the region in which there is no
primarily molecular part of the cloud. The dotted line indicates the boundary between the presence and absence of a dust-dominated zone.
In the panel labelled xd, τR/τeR, the contours above the dotted line indicate the value of xd, those below it show the value of τR/τeR, and
on the dotted line both of these quantities are exactly 1.0. We caution that the contours for xH2 = 0.1 and xH2 = 0.3, and for x
3
H2
= 0.1,
should be regarded as giving upper limits on xH2 , not precise estimates – see the discussion in § 4.7.
Fig. 7.— Contours showing the factor by which dust shielding
changes the atomic or molecular volume at a given (τR, ψ). The
quantity plotted is max[xH2/xH2,nd, (1−xH2,nd)/(1−xH2 )], where
the subscript “nd” indicates the value with no dust shielding in the
limit, i.e. in the limit σd → 0. The quantity plotted is therefore
the fractional amount by which dust shielding increases the radius
of the molecular zone or decreases the radial path length through
the atomic zone, whichever is larger.
iteration:
xH2 ≈


ψ4xs+(3τR)
4xℓ
ψ4+(3τR)4
, ψ < 1
max(xs, xℓ), 1 < ψ < ψb(
x
−3/2
s + x
−3/2
ℓ
)−2/3
, ψb < ψ < 2(
x−3s + x
−3
ℓ
)−1/3
, 2 < ψ < eτR
0, eτR < ψ
(59)
where ψb = (1.4 + 2τR)/(1.4 + τR) is the approximate
value of ψ at the boundary between the existence and
non-existence of a zone of dust-dominated opacity,
x2s =


(
τR√
3ψ
+
2
√
3τ2
R
5ψ2
)2
, ψ < 1
1− 1
4τ2
b
[
ln
(
1 + 2τb − 4 τbψ
)]2
, 1 < ψ < ψb[
1536
25τR(τR+2)3
]1/2 (
eτR
ψ − 1
)5/2
, ψb < ψ
(60)
is the approximate value of xH2 in the strong radiation
(for ψ > 1) or small cloud (for ψ < 1) limits (note that
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Fig. 8.— Error in the approximate analytic fit given in § 4.5
as a function of τR and ψ. The shaded regions indicate errors
below 2.5% (no shading), 2.5−5%, 5−10%, 10−20%, and > 20%
(darkest shading). The maximum error is 24%. The dotted lines
show the boundaries of our different approximation regions: ψ < 1,
1 < ψ < ψb, ψb < ψ < 2, and 2 < ψ. The hatched region is
ψ > eτR , where there is no predominantly molecular core. Note
that the error jumps at the χ = 1 and χ = 2 lines because the
fitting formula is slightly discontinuous there.
we only evaluate xs when ψ < e
τR), and
x2ℓ =


(
max
[
1− ψ4τR , 0
])2
, ψ < ψb
1− 1
4τ2
b
[
ln
(
1 + 2τb − 4 τbψ
)]2
ψb < ψ < 2[
1−
(
τd +
ψe−τd
4+2τd
)
1
τR
]2
, 2 < ψ
(61)
is the approximate value of xH2 in the large cloud limit.
Here
τd = E
−1
2
(
2
ψ
)
≈ 0.83 ln(0.2ψ + 0.6) (62)
is the approximate optical depth to the dust-molecular
opacity crossover in the large cloud limit when dust
shielding is important,
τb ≈ 1.4ψ − 1
2− ψ (63)
is the value of τR at the dust-no dust boundary for a given
ψ, and for convenience we have used the approximation
E3(x) ≈ e−x/(2+x). Note that these approximations can
fail if one is very near the dust-no dust boundary because
the approximation τb ≈ 1.4(ψ−1)/(2−ψ) is insufficiently
accurate; in this case one may still use the approximate
expressions by replacing τb with a more accurate value of
τR on the dust-no dust boundary computed as described
in § 4.3.
Figure 8 shows the error in our analytic approximation
as a function of τR and ψ, where we define the error
as |xH2 − xH2,approx|/max(xH2 , 1 − xH2) and xH2 is the
solution obtained by numerically solving the appropriate
equations. As the plot shows the fitting formulae are
generally good to the ∼ 10% level, as good as the two-
zone approximation itself. The maximum error over the
range 0.1 < τR < 100 and 0.1 < ψ < 100 is 24%, and
occurs near τR = 1.8, ψ = 1.9.
We can also obtain an even simpler approximation for-
mula if we specialize to the case where there is no or
almost no dust-dominated zone and xH2
>∼ 0.5, which we
show in Paper II is the most common case in nearby
galaxies. Consider equation (44), which describes the
surface flux for the case of no dust. The two terms on
the LHS represent the contributions to the flux from rays
that do and do not pass through the cloud, respectively.
If the cloud has a significant molecular core, xH2
>∼ 0.5,
then only for a small range of angles do rays pass through
the cloud but not strike the opaque molecular core, and
thus the first term on the LHS is small in comparison to
the second. For convenience we define
δ =
1− (1− 2µH2τeR)e2µH2τeR
2τ2eR
, (64)
which enables us to rewrite equation (44) as
x3H2 = 1−
3ψ
4τR
(1− δ) ≈ 1− 3ψ
4τR
(
1
1 + δ
)
(65)
where δ is a small, positive number. Now consider how
δ varies with τR: we show in § 4.4 that for either small
or large τR, to first order τeR ∝ τR/ψ. If we consider the
series of expansion of δ, this implies that δ approaches
a constant at small τR and varies as ψ
2/τ2R for large τR.
To generate our approximation we adopt an intermediate
scaling
δ ≈ a ψ
τR
, (66)
where a is a constant to be chosen to optimize the ap-
proximation. This gives
x3H2 ≈ 1−
3ψ
4(τR + aψ)
. (67)
For the choice a = 0.2, equation (67) agrees with the
numerical solution to equations (33) and (37) or (43) and
(44) to better than 15% whenever ψ < 3 and equation
(67) gives x3H2 > 0.15. A corresponding approximate
formula for the optical depth through the atomic layer is
τHI ≈ τRψ
4τR − a′ψ , (68)
with a′ = 32 −4a. For a = 0.2 this expression agrees with
the numerical solution to better than 15% for ψ < 3
whenever equation (67) gives x3H2 > 0.1.
4.6. Comparison to the One-Dimensional Case
Now that we have solved the spherical case, we are in
a position to compare to the case of a one-dimensional
beam of radiation striking an infinite slab that is often
treated in the literature. This will allow us to deter-
mine when this approximation yields reasonably accu-
rate results, and when it is it gives significantly different
results. Figure 9 shows a comparison between our so-
lution with isotropic radiation and varying cloud sizes
versus the most common approximation in the litera-
ture: an infinite cloud and a beam of radiation whose
photon number density is half the free-space value. In
the calculations for finite clouds and isotropic radiation
we end each curve at the value of ψ for which the fully
molecular region vanishes. For the beamed radiation and
infinite cloud case, we use the analytic solution described
in § 3.1.
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As the plot shows, when τR ≪ ψ, the one-dimensional
slab approximation can produce significantly different es-
timates of the depth of the dust shielding layer than
does our higher-dimensional approach. The difference
becomes larger as we consider smaller clouds. For τR >
1 the slab approximation generally underestimates the
depth of the atomic layer by tens of percent, primarily be-
cause it assumes neglects the photodissociation provided
by non-radial rays. Even for a cloud that is infinitely
large, τR =∞, this difference between an isotropic radi-
ation field and a beamed one can be significant at mod-
erate ψ because even though there are no rays reach-
ing a given position from the “back side” of the cloud,
µ < 0, when the radiation field is isotropic there are still
non-radial rays that raise the photodissociation rate at
a given position above what it would be in the purely
beamed radiation field of smaller intensity.
For τR < 1 the sign of the error depends on ψ. When
the radiation field is weak, the slab approximation also
underestimates the depth of the atomic layer, for the
same reason as when τR > 1. When the radiation field
becomes strong, though, the sign of the error reverses,
although as we discus in § 4.7 our fiducial model is of
limited accuracy for small τR and large ψ.
Physically, clouds of a wide range of sizes and densities
are of course present in the ISM. For the atomic envelopes
of GMCs in the Milky Way, a typical density is n ∼ 30
cm−3 and a typical dust cross-section is 10−21 cm2, so
that ∼ 10 pc of path provides an optical depth of about
1. Since these envelopes are a few tens of pc in size, a
typical one might have τR of a few, in which case the slab
treatment underestimates the true size of the envelope at
the tens of percent level. In low-metallicity galaxies with
low molecular fractions, however, the error is likely to be
much worse because τR will be significantly smaller.
4.7. Uncertainties in Spherical Geometry
We have shown that in the case of a one-dimensional
beam of radiation impinging on a slab, the two-zone ap-
proximation is capable of determining the neutral hy-
drogen shielding column to better than ∼ 50% accuracy.
This characterizes the level of error imposed by most
of our physical assumptions. However, in spherical ge-
ometry we have an additional uncertainty, imposed by
the fact that we must assign an effective optical depth
to rays that pass at arbitrary angles through the region
where molecular shielding dominates, but the gas is not
yet fully molecular. In particular, rays from the “back
side” of our cloud, those with µ < 0, contribute to the
energy density and flux throughout the cloud. Such rays
are absent in the case of an infinite planar cloud, because
rays with µ < 0 pass through the fully molecular region
and are therefore infinitely attenuated.
In this section, we seek to determine how much addi-
tional uncertainty is introduced into our calculations in
spherical geometry by this complication. To do so, we
note that in our treatment above we assume that the
opacity in the molecular shielding region will be roughly
equal to that at its surface, i.e. that it does not rise
sharply until one is very close to the transition to fully
molecular gas. The represents a minimum attenuation
along µ < 0 rays. To check the importance of that as-
sumption, we consider an extreme assumption in the op-
posite direction: that all rays with µ < 0 are infinitely
Fig. 9.— The upper panel shows the dust optical depth to the
point where the gas becomes predominantly molecular τHI for an
isotropic radiation field of normalized intensity ψ and various val-
ues of τR (solid lines) and for a unidirectional radiation field of
normalized intensity ψ/2 (dashed line). The lower panel shows the
fractional difference between the results for finite τR and isotropic
radiation and for an infinite slab illuminated by unidirectional ra-
diation, defined as Difference = [τHI,iso − τHI,beam]/τHI,iso. In all
cases the curves for finite τR end at the value of ψ for which fully
molecular region disappears (ψ = eτR).
attenuated. This assumption is obviously unphysical,
since if it were true then the transition to fully molec-
ular would occur as soon as self-shielding began to dom-
inate over dust shielding. However, it provides a worst
case with which we can compare our fiducial model as a
way of characterizing our uncertainty. Since, as we shall
see, the value of xH2 that we obtain by making this as-
sumption is always smaller than what we obtain for the
fiducial case, we may regard the fiducial case as giving
upper limit on xH2 and the case we calculate here as
giving a lower limit.
If we take the intensity along rays with µ < 0 to be
zero, this is equivalent to replacing η0(xd, xH2 ; τR) with
η0(xd, xd; τR) in the equations derived in § 4.1 and § 4.2,
and similarly for η1. Doing this and simplifying gives
η0(xd, xd; τR)=
1
ψ
(69)
η1(xd, xd; τR)=
τRxd
3ψ
[
1−
(
xH2
xd
)3]
(70)
for ψ > 2 (dust shielding is significant) and
xH2 =
(
1− 3ψ
4τR
)1/3
(71)
for ψ < 2 (dust shielding is not significant). Note that in
this case when dust shielding is negligible it is possible to
solve the equations analytically, which we have done to
obtain equation (71). It is immediately obvious from this
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Fig. 10.— Same is Figure 6, but assuming infinite attenuation along rays that enter the molecular absorption-dominated region (equations
69–71).
equation that the fully molecular region vanishes in the
region 4τR/3 < ψ < 2. We plot the solutions to equations
(69)–(71) in the (τR, ψ) plane in Figure 10, and we show
the difference between this solution and our fiducial one
in Figure 11.
As the plots show, the difference between the two mod-
els is negligibly small over most of parameter space;
there is a significant difference only in the region roughly
bounded by the curves ψ . eτR , ψ & 4τR/3, and ψ . 2.
Alternately, we can phrase these constraints in terms of
values of x3H2 . This is particularly useful for ψ < 1, where
contours of both constant xH2 and constant uncertainty
are both straight lines corresponding to fixed ψ/τR. The
10%, 50%, and 100% uncertainty contours in x3H2 , shown
in the right panel of Figure 11, correspond to values of
x3H2 = 0.47, 0.28, and 0.20, respectively, as computed us-
ing our fiducial model and shown in Figure 11. Since we
have already established that the two-zone approxima-
tion is uncertain at the tens of percent level, the geomet-
ric uncertainty is probably only dominant when ψ < 1
and our predicted molecular volume fraction x3H2 is less
than about a quarter. If ψ & 1, the errors at a given
value of x3H2 are considerably smaller, so the geometric
uncertainty is not important except for clouds with very
small molecular fractions. At such molecular fractions,
one should interpret our fiducial case as giving only an
upper limit on the molecular content of a cloud.
The significant geometric uncertainty for such clouds
is not surprising, since these clouds are near the limit
of having no molecules at all. For them any change in
our physical assumptions that increases or reduces the
amount of shielding even a small amount produces a sig-
nificant change in the results. Indeed, our fiducial cal-
culation shows some unphysical behavior in this regime,
in that we find that for ψ < 1 there is no finite value of
τR for which the fully molecular region vanishes and the
cloud remains atomic throughout. This seems unlikely,
given that for a chosen value of ψ and very large τR the
thickness of the atomic region approaches a finite value;
one would expect that clouds much smaller than this
should be atomic throughout regardless of their shape,
and indeed under the assumption of infinite attenuation
for backside rays that we make in this section, the molec-
ular core always vanishes at some finite value of τR for
any finite ψ.
Fortunately, as we discuss in § 4.8, for realistic pa-
rameters describing giant atomic-molecular complexes,
we generally have ψ & 1, τR & 1, and, as we show in
§ 4.8, x3H2 & 0.5, and in this part of parameter space the
uncertainty introduced by the µ < 0 rays in spherical
geometry is . 10%.
4.8. Example Calculations
Here we provide examples that illustrate the use of
our analytic approximations for PDR structure. Since
these calculations are intended to be illustrative rather
than to analyze real situations (which we will discuss in
the next paper in this series), we choose parameters to
yield examples that span the possible combinations of
parameters without worrying how well they agree with
observations. As a first case, consider a “typical” Milky
Way cloud, with σd = 1.1 × 10−21 cm2, n = 30 cm−3,
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Fig. 11.— The plots show the difference between τHI and x
3
H2
computed under the fiducial assumption that the opacity throughout the
molecule-dominated region equal to that at its surface (§ 4.1 and § 4.2) and under the assumption of infinite attenuation in this region
(§ 4.7). The difference is defined as |τHI,fiducial − τHI,attenuated|/τHI,fiducial, and similarly for x
3
H2
. The hatched region is the region in
which there is no predominantly molecular core under either assumption; the difference in this region is obviously zero.
R = 3× 10−17 cm3 s−1, and cE∗0 = 108 cm−2 s−1. Note
that we have used a value of E∗0 somewhat larger than the
solar neighborhood value because most molecular clouds
are closer to the galactic center, where the radiation field
is more intense. This combination of parameters gives
χ = fdissσdcE
∗
0/(nR) = 12.2 and ψ = χ(2.5 + χ)/(2.5 +
χe) = 6.3. Now consider a giant molecular cloud complex
with a radius R = 50 pc, which gives τR = nσdR = 4.64.
Since ψ > 2, this cloud has a significant dust shielding
zone, and since ψ < eτR it also has a fully molecular core,
as we expect. Using the approximation equations (59)–
(61) for this case, we find τd = 0.52, xℓ = 0.74, xs =
14.1, and an approximate value of xH2 ≈ 0.74. (Note
that although xH2 is strictly less than unity, it is possible
for xs to be larger than unity because we only retained
a finite number of terms in the series expansion used
to generate it. However, due to the way xs and xℓ are
combined, our approximate expression for xH2 is always
less than unity.) Numerical solution for these parameters
gives xH2 = 0.70. Such a cloud is 34% molecular by
volume, and is shielded by an atomic column that is 15
pc deep and has a column density of NHI = 1.4 × 1021
cm−2 from the edge the cloud to the edge of the molecular
zone.
Now consider moving this cloud to a point farther out
in the Galaxy where the ambient FUV radiation field is
weaker, so that all cloud parameters remain the same
but now cE∗0 = 2×107 cm−2 s−1, a factor of 5 below our
previous value. In this case we have the same τR, but
χ = 2.44 and ψ = 1.43. For this τR we have ψb = 1.40,
slightly smaller than ψ, so this cloud just barely still has
a dust-dominated zone. Evaluating equations (59)–(61),
we have xℓ = 0.87 and xs = 95, so get an approximate
value xH2 ≈ 0.87; the numerical solution is xH2 = 0.92.
Thus moving the cloud to this reduced-radiation envi-
ronment raises the molecular volume fraction to 77%,
and reduces the Hi shielding column to a layer 4 pc deep
containing a column of NHI = 3.7× 1020 cm−2 hydrogen
atoms. If the cloud were slightly denser, n = 40 cm−3
instead of 30 cm−3, then τR would increase to 6.18 from
4.64, and ψ would decrease to 1.11 from 1.43. Since
ψb = 1.82 in this case, the cloud would be dominated
by molecular absorption throughout. Evaluating the ap-
proximation equations gives xℓ = 0.95, xs = 0.35, and
xH2 ≈ 0.95; the numerical solution is xH2 = 0.95. Thus,
the increase in density would slightly increase the molec-
ular volume and the column density through the shield-
ing layer to 87% andNHI = 5.2×1020 cm−2, respectively.
Finally consider a cloud in a low-pressure dwarf galaxy
with a very low star formation rate, so the cloud has
lower density and metallicity than a Milky Way cloud,
n = 10 cm−3, σd = 2.2× 10−22, and R = 6× 10−18, and
is exposed to a lower level of radiation, cE∗0 = 10
6 cm−3
s−1. We keep the cloud radius unchanged. This cloud
has τR = 0.31 and ψ = 0.29, which from our approximate
formulae gives xℓ = 0.77, xs = 1.4, and xH2 ≈ 0.77. The
numerical solution is xH2 = 0.73. This cloud would be
38% molecular by volume, and would have a shielding
layer of NHI = 4.2× 1020 cm−2, 14 pc deep.
5. SUMMARY AND CONCLUSION
In this paper we develop an approximate analytic so-
lution to the problem of determining the size of the PDR
that bounds a cloud of gas embedded in a dissociating
background radiation field. This is a reasonable approx-
imation to the problem of finding the location of the
transition between the atomic envelope and the molecu-
lar core in a giant atomic-molecular cloud complex, such
as those which contain the bulk of the molecular gas in
the Milky Way.
We show that the location of the transition is deter-
mined by two dimensionless parameters. These are τR,
the dust optical depth through the cloud, and χ, the ra-
tio of the rate at which dissociating photons are absorbed
by dust grains to the rate at which they are absorbed by
H2 molecules in the absence of any shielding. We may in-
tuitively think of these parameters as characterizing the
size of the cloud and the intensity of the radiation field
to which it is subjected. Within this parameter space we
identify two critical curves, which define the boundaries
at which a fully molecular region in the cloud center ap-
pears, and at which dust shielding begins to contribute
significantly to the shielding of H2 molecules. We develop
the equations that determine the sizes of the molecular
and atomic regions in this parameter space, and we pro-
vide an approximate analytic solution for them (equa-
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tions 59 – 61 and equations 67 and 68). Our solutions
are accurate to tens of percent for clouds that are >∼ 20%
molecular by volume, and provide upper limits on the
molecular content at this accuracy for clouds with lower
molecular content. Using this formalism we find that for
typical giant atomic-molecular complexes in the Milky
Way χ ∼ 1, which indicates that dust shielding and self-
shielding each make order unity contributions to deter-
mining the location of the atomic-molecular transition.
Our work shows that the procedure of determing the
structure of PDRs by treating them as semi-infinite slabs
illuminated by unidirectional beams of dissociating radi-
ation is a reasonable approximation for extremely opaque
clouds, but that it fails badly for small clouds or weak
radiation fields, i.e. in cases where the transition from
atomic to molecular is sufficiently far into the cloud that
the cloud’s curvature cannot reasonably be neglected. In
such cases the slab approximation can either overesti-
mate or underestimate the size of the atomic layer by
factors of order unity, depending on the particular pa-
rameters of the cloud and the ambient radiation field.
The development of an analytic model for the structure
of the atomic envelopes of finite molecular clouds opens
up the possibility of developing a more general theory
of the atomic to molecular ratio in galaxies. In a galaxy,
the mean interstellar radiation field and the conditions in
the atomic portion of the atomic interstellar medium are
determined by the star formation rate, which determines
the abundance of young, hot stars. In turn, the star for-
mation rate depends on the fraction of the ISM of that
galaxy in molecular form, and therefore available for star
formation. At some level, therefore, star formation in
galaxies much be a self-regulating process, with the for-
mation and dissociation of molecular clouds representing
one step in that regulation. Developing a simple model
for how the molecular fraction in a cloud is determined
by its properties and those of the ambient radiation field
represents a step toward a complete theory of the star
formation rate. In future work, we plan to develop this
theory further by applying the model demonstrated here
to molecular clouds in galaxies.
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APPENDIX
A. EVALUATION OF η0 AND η1
Here we evaluate the two functions
η0(xd, xH2 ; τR)=
1
2
∫ 1
µH2
dµ exp(−τRξ) (A1)
η1(xd, xH2 ; τR)=
1
2
∫ 1
µH2
dµµ exp(−τRξ). (A2)
To evaluate the integrals, we change the variable of integration from µ to ξ. Using the definition of ξ (equation 29),
we find that
µ =
(1− xd)(1 + xd)− ξ2
2xdξ
(A3)
and
dµ
dξ
= − (1− xd)(1 + xd) + ξ
2
2xdξ2
. (A4)
Making the change of variable, we find that
η0(xd, xH2 ; τR)=−
1
4xd
[∫ 1−xd
ξH2
dξ exp(−ξτR) + (1− xd)(1 + xd)
∫ 1−xd
ξH2
dξ ξ−2 exp(−ξτR)
]
(A5)
η1(xd, xH2 ; τR)=
1
8x2d
[∫ 1−xd
ξH2
dξ ξ exp(−ξτR)− (1− xd)2(1 + xd)2
∫ 1−xd
ξH2
dξ ξ−3 exp(−ξτR)
]
,
(A6)
where
ξH2 ≡ ξ(xd, µH2) =
√
1− x2d + x2dµ2H2 − xdµH2 . (A7)
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Of these integrals, the first one for η0 may be evaluated directly, while the first one for η1 may be evaluated by parts.
The second integral on each line may be evaluated via the identity∫ x1
x0
dxx−ne−ax=
∫ ∞
x0
dxx−ne−ax −
∫ ∞
x1
dxx−ne−ax (A8)
=x1−n0
∫ ∞
1
du u−ne−ax0u − x1−n1
∫ ∞
1
dv v−ne−ax1v (A9)
=x1−n0 En(ax0)− x1−n1 En(ax1), (A10)
where in the second step we made the change of variables u = x/x0 and v = x/x1, and En is the exponential integral
function of order n, defined by En(x) =
∫∞
1 t
−ne−xtdt. Using this identity gives
η0(xd, xH2 ; τR)=
1
4xd

e−ydτR − e−ξH2τR
τR
+ (1 + xd)
»
E2(ydτR)−
yd
ξH2
E2(ξH2τR)
–ff
(A11)
η1(xd, xH2 ; τR)=
1
8x2
d
(
(1 + ξH2τR)e
−ξH2
τR
− (1 + ydτR)e
−ydτR
τ 2
R
+ (1 + xd)
2
"
E3(ydτR)−
y2d
ξ2
H2
E3(ξH2τR)
#)
, (A12)
where yd ≡ 1 − xd. Note that exponential integrals obey the recurrence relation nEn+1(x) = e−x − xEn(x), so we
could alternately have written these in terms of E1(x) or the classical exponential integral Ei(x) = −E1(−x).
B. SOLUTION BY SERIES EXPANSION IN THE STRONG RADIATION LIMIT
Here we solve equations (33) and (37) in the strong radiation limit, i.e. xH2 ≪ 1, xd ≪ 1, and µH2 + 1 ≪ 1, by
means of series expansion. Let β = xdτR and γ = 1 + µH2 . Then we have
e−τRξ = e−τR
[
1 + µβ +
(
1
2τR
+
τR + 1
2τR
µ2
)
β2 +
(
1
2τR
µ+
τR − 3
6τR
µ3
)
β3 +O(β4)
]
. (B1)
Note that we have retained terms out to order β3. We shall see below that this is required for a consistent solution.
Using this expansion in the integrals
η0(xd, xH2 ; τR)=
1
2
∫ 1
γ−1
dµ e−τRξ (B2)
η1(xd, xH2 ; τR)=
1
2
∫ 1
γ−1
dµµeτRξ (B3)
and expanding in powers of γ, we find
η0(xd, xH2 ; τR)=
e−τR
2
[
2− γ + γβ + τR + 2
3τR
β2 +O(β4) +O(γβ2) +O(γ2)
]
(B4)
η1(xd, xH2 ; τR)=
e−τR
2
[
2
3
β + γ − γβ + τR + 2
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β3 +O(β4) +O(γβ2) +O(γ2)
]
. (B5)
If we similarly expand the right-hand sides of (33) and (37) in powers of β and γ, we obtain the two equations
e−τR
2
[
2− γ + γβ + τR + 2
3τR
β2
]
=
1
ψ
+O(β4) +O(γβ2) +O(γ2) (B6)
e−τR
2
[
2
3
β + γ − γβ + τR + 2
15
β3
]
=
β
3ψ
+O(β4) +O(γβ2) +O(γ2). (B7)
If we combine these two equations by eliminating the common factor eτR/ψ, we obtain an equation for the relationship
between β and γ:
− γ
2
+
γβ
2
+
τR + 2
6τR
β2 =
3
2
(
γ
β
)
− 3
2
γ +
τR + 2
10τR
β2 +O(β3) +O(γβ) +O
(
γ2
β
)
. (B8)
The only way for this equation to have a consistent solution in which the orders on both sides balance is if γ is of
order β3. In this case the leading order on both sides is β2 (an order we retained only be performing the expansion in
equation B1 to order β3), and balancing the leading order terms gives
γ =
2τR + 4
45τR
β3. (B9)
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Since we now know the order of all terms, we can solve equation (B6) to leading order to obtain
xd =
β
τR
=
[
6
τR(τR + 2)
(
eτR
ψ
− 1
)]1/2
. (B10)
Similarly, we know that (
xH2
xd
)2
= 1− µ2H2 = 2γ +O(γ2). (B11)
Substituting (B9) for γ and (B10) for xd and re-arranging, we obtain to leading order
xH2 =
[
1536
25τR(τR + 2)3
]1/4(
eτR
ψ
− 1
)5/4
. (B12)
C. SOLUTION BY SERIES EXPANSION IN THE LARGE AND SMALL CLOUD LIMITS
Here we solve equations (43) and (44) by series expansion in the limits τR → 0 and τR → ∞. We approach this
problem by defining β = τeR/τR, so that with some rearrangement the equations are
1− e2βµH2τR + 2βτR − 4
ψ
τR=0 (C1)
(1 − 2βµH2τR)e2βµH2τR − 1 + 2β2τ2R −
8
3ψ
β2τ3R
[
1− (1− µ2H2)3/2
]
=0. (C2)
For the case τR → 0 we then let
β=β0 + β1τR + β2τ
2
R + · · · (C3)
µH2 =µ0 + µ1τR + µ2τ
2
R + · · · . (C4)
Expanding equations (C1) and (C2) to leading order in τR and re-arranging gives
2β0(1− µ0)− 4
ψ
=0 (C5)
2β20(1 − µ20)=0, (C6)
which has the solution µ0 = −1, β0 = 1/ψ. Using these values and continuing the expansion to the next order, we
obtain
− 2β1 + 1 + µ1ψ
ψ2
=0 (C7)
4µ1
ψ2
=0, (C8)
so µ1 = 0 and β1 = 1/(2ψ
2). Continuing to one more order, we have
4β2 − 2 + 6β2ψ
2
3ψ3
=0 (C9)
−1 + 6µ2ψ2=0, (C10)
so µ2 = 1/(6ψ
2) and β2 = 1/(4ψ
3). It improves the accuracy of the approximation for xH2 significantly at small ψ to
include one more order, so we do so:
4β3 +
1
3ψ4
− 2
ψ
µ3=0 (C11)
4
ψ2
µ3 − 8
5ψ5
=0, (C12)
so µ3 = 2/(5ψ
3) and β3 = 7/(60ψ
4). Therefore to order τ4R we have
τeR
τR
=
1
ψ
+
τR
2ψ2
+
τ2R
4ψ3
+
7τ3R
60ψ4
(C13)
µH2 =−1 +
τ2R
6ψ2
+
2τ3R
5ψ3
(C14)
xH2 =
√
1− µ2H2 =
τR√
3ψ
+
2
√
3τ2R
5ψ2
. (C15)
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For the case τR →∞, we let
β=β0 + β−1/2τ
−1/2
R + β−1τ
−1
R + · · · (C16)
µH2 =µ0 + µ−1/2τ
−1/2
R + µ−1τ
−1
R + · · · , (C17)
and if we expand equations (C1) and (C2) in powers of τ−1R then the leading order equations are
2β0 − 4
ψ
=0 (C18)
− 8
3ψ
[
1− (1− µ20)3/2
]
=0. (C19)
Therefore β0 = 2/ψ and µ0 = 0. Continuing the expansion to the next order,
2β−1/2=0 (C20)
− 16
ψ3
µ2−1/2 +
8
ψ2
=0, (C21)
so β−1/2 = 0 and µ−1/2 = −
√
ψ/2. Continuing one more order,
1 + 2β−1=0 (C22)
16
√
2
ψ5/2
µ−1=0, (C23)
so β−1 = −1/2 and µ−1 = 0 Thus to order τ−1R in the limit τR →∞ we have
τeR
τR
=
2
ψ
(C24)
µH2 =−
√
ψ
2τR
(C25)
xH2 =1−
ψ
4τR
. (C26)
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